The production of antihydrogen in flight in p -nucleus collisions is calculated theoretically in the plane wave Born approximation ͑which is equivalent to the straight line semiclassical approximation͒. Antihydrogen has been produced in this way at CERN LEAR and is presently studied at Fermilab at various p energies. Dirac wave functions for the leptons are used, taking first order (Z␣) corrections into account. Analytical results are obtained for differential cross sections. Total cross sections are obtained by numerical integration. The dependence on the transverse momentum transfer is studied and the accuracy of the equivalent photon approximation and a recent variant by Munger, Brodsky, and Schmidt is discussed as a function of beam energy.
I. INTRODUCTION
Antihydrogen in flight was first produced and detected at the CERN Low Energy Antiproton Ring ͑LEAR͒ ͓1͔ using the process p ϩZ→H ϩe Ϫ ϩZ, ͑1.1͒
where Zϭ54 (Xe). This process was first suggested by Munger et al. ͓2͔ ,where also calculations of the cross section for the antihydrogen production were performed in the equivalent photon approximation ͑EPA͒. A similar pair production process with e capture will occur with a large cross section at relativistic heavy ion colliders ͓3͔. This is important because it leads to a beam loss. Theoretical calculations were done by many groups ͓4-6͔. They were mainly interested in the limit of high energies. The applicability of the EPA will become more and more questionable for lower energies, where the H production experiments were done ͓1,7͔. The dominant graph is shown in Fig. 1 . It was shown in Ref.
͓7͔ that bremsstrahlung pair production with capture can be safely neglected. In Eq. ͑5͒ of Ref.
͓7͔ it was stated that the cross section for antihydrogen production is of the order of (2.7 ϫ10 Ϫ3 ) Z 2 nb, for low energies. Since in the present paper the uncertainties due to the application of the equivalent photon method for low energies are now removed, this statement can now be considered as superseded.
By crossing symmetry the process ␥ϩp →e Ϫ ϩH ͓2͔ is related to the photoeffect ␥ϩH→pϩe Ϫ ͓4͔ which is treated in the literature ͑see, e.g., Ref. ͓9͔͒. These calculations provide approximate theoretical values for the H production cross section. This is also relevant for the ongoing experiments at Fermilab ͓8͔, where also the energy dependence of the process will be investigated and possible future experiments with fast H beams, such as Lamb shift measurements ͓2,8͔. On the other hand, we have to investigate the accuracy and limitations of the EPA. It is the purpose of this paper to carry out an accurate calculation of the cross section for Eq. ͑1.1͒. Analytical expressions are given.
II. PRODUCTION OF H WITH ANTIPROTON BEAMS
In the semiclassical approach we assume that the relativistic antiproton moves along a straight line. In its frame of reference the time-dependent electromagnetic fields of the target nucleus is given by A͑r,t ͒ϭv͑ r,t ͒, where ͑r,t͒ϭ ␥Z T e ͉R؊RЈ͑t ͉͒ ,
͑2.1͒
where rϭ(x,y,z), Rϭ(x,y,␥z), RЈϭ(b x ,b y ,␥vt), v is the relative velocity, ␥ϭ(1Ϫv 2 ) Ϫ1/2 , and Z T e is the target charge. We can write in the integral representation
͑2.2͒
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In first-order perturbation theory, the H -production amplitude for a collision with impact parameter bϭͱb x 2 ϩb y 2 is given in terms of the transition density and current (r) and j"r…, respectively, by
where ϭϩm is the sum of the electron and the positron energy m ͑the binding energy of H can be neglected͒. In the last step we used Eqs. ͑2.1͒ and ͑2.2͒. The integral over time yields the factor (2/␥v)␦(q z Ϫ/␥v). Furthermore, using the continuity equation, ٌ•jϭϪi, we get
͑2.4͒
where the index z(t) denotes the components along ͑trans-verse to͒ the beam direction, and Qϵ(q t ,/v). Note that
The transition current is given in terms of the Dirac matrices ␣ ជ , and the lepton wave functions j(r)ϭe͓⌿ where
In the last equality we used the definition Kϵ(K t ,K z ) ϭ(q t /,1/v␥ 2 ) and (␥ 0 ,␥ ជ ) are the Dirac matrices, where we follow the procedure of Ref. ͓9͔. The total cross section is obtained by integrating the square of the expression ͑2.5͒ over all possible impact parameters:
͑2.7͒
The same result can be obtained in the plane-wave Born approximation, as shown in Appendix C. Using the positron and the electron wave functions as given by Eqs. ͑A4͒ of Appendix A and Eq. ͑B1͒ of the Appendix B, we get
where in the last equation we neglected terms of highest order in Z␣.
Integrating by parts,
͑2.9͒
Since the corrections are in first order in Z␣, we have replaced ⌿ nonr (r) by its constant value 1/ͱa 0 3/2 in the last term of Eq. ͑2.9͒. If we would do the same in the first term it would be identically zero ͑except for Qϭp). This is the reason why we need to keep the corrections in the wave functions to first order in Z␣; for ӷm these corrections yield a term of the same order as the plane-wave to the total cross section, as we shall see later. We rewrite Eq. ͑2.9͒ as
where 
The sum runs over the spins of the positron and the electron. Using p 2 dpϭpd, and standard trace techniques we get
Using the definition of K, it is illustrative to separate the integrand of the above equation in terms of longitudinal and transverse components:
where
͑2.18͒
In these equations êϭq t /q t is a unit vector in the transverse direction. The cross sections ␥ * T , ␥ * L , and ␥ * LT are interpreted as the cross sections for H by virtual transverse and longitudinal photons and a interference term, respectively. Note that the transverse and longitudinal directions are with respect to the beam axis, not with respect to the photon momentum, as is usually meant by this term. Only for ␥ӷ1 does this definition agrees with the definition of transverse and longitudinal virtual photons. However, this separation is very useful, as we will see next.
III. PRODUCTION OF H BY REAL PHOTONS
The cross section for production of H by real photons is given by ͓9͔
with ϭẑ/c, where ẑ is the unit vector along the photon incident direction, and ê is photon polarization unit vector. Using the positron and the electron wave functions as given by Eqs. ͑A4͒ of Appendix A and Eq. ͑B1͒ of Appendix B, and performing similar steps as in Sec. II, we get
where a , b , and d are the quantities defined in Eqs. ͑2.12͒, but with Q replaced by ជ ϭẑ/c. Inserting these results in Eq. ͑3.1͒ and summing over spins we get
͑3.5͒
We notice that the above equation can also be obtained from Eqs. ͑2.15͒-͑2.18͒ in the limit q t →0 and v→c. In this limit ␥ * L →0, ␥ * LT →0, and ␥ * T becomes the cross section for the production H by real photons.
Integrating Eq. ͑3.5͒ over the azimuthal angle we get ͑without any further approximations͒
In Fig. 2 we plot the cross section for the angular distribution of the electrons in H production by real photons. We observe that the higher the electron energy is, the more forward peaked the distribution becomes. As we can immediately deduce from Eq. ͑3.6͒, for ӷ1, the width of the peak is given by ⌬ cos Ӎ1. For Ӎ1 the distribution is proportional to sin 2 . Integrating Eq. ͑3.6͒ over we get
It is instructive to derive this cross section by a different method. In some textbooks ͑see, e.g., Refs. ͓10,9͔͒ one can find a calculation of the cross sections for the annihilation of a positron with an electron in the K shell of a nucleus. From charge conjugation invariance ͑which is valid for QED͒, this cross section is the same as the cross section for the annihilation of an electron with a positron in the K shell of an H . The cross section is ͓10,11͔ ͑e Ϫ ϩH →␥ϩ p ͒ϭ 2e
͑3.8͒
Using the detailed balance theorem, the above equation yields exactly the same cross section of H production by real photons as given by Eq. ͑3.7͒. The reason is that the calculation leading to Eq. ͑3.7͒, originally due to Sauter ͓12͔, used the same corrections to Z␣ order for the electron and positron wave functions, as we did to obtain Eq. ͑3.1͒ ͑see Appendixes A and B͒.
The relevance of these corrections can be better understood by using the high-energy limit, ӷ1. From Eq. ͑3.7͒ we get
If in our calculation, we had used plane waves for the electron and the hydrogenic wave function for the positron, without the corrections to order Z␣, the cross section for the production of H by real photons would be given by
the integral of which is
In the high-energy limit
We see that the difference between this result and that of Eq. ͑3.9͒ is a factor 8/3. This is just the reason why the corrections of order Z␣ have to be included in the calculation of H . They yield terms to the matrix elements for photoproduction of H of the same order as the terms of lowest order. The origin of the difference between the two results are the small distances which enter in the calculation of the matrix elements of Eq. ͑2.9͒. The corrections are essential to account for their effects properly. We note that these correc-tions are enough to account for a good description of H production. The connection between the production of H by real photons and by virtual ones will prove to be very useful, as we shall see in the next section.
IV. PRODUCTION OF H BY VIRTUAL PHOTONS
As we saw in last section, the production of H in a collision of p with nuclear targets is directly related to the production cross section by real photons in the limit q t →0 and v→c. It is important to determine at which values of q t and ␥ this condition applies. In Figs. 3 and 4 we plot the production cross sections by longitudinal and transverse virtual photons ␥ * T , ␥ * L , respectively. These are the integrals of Eqs. ͑2.16͒ and ͑2.17͒, which are performed numerically. The integral of the interference term ␥ * LT , Eq. ͑2.18͒, is very small and is not shown. In Fig. 3 the cross sections are calculated for ϭ2 and ␥ϭ3, and in Fig. 4 for ␥ϭ10 and ϭ2. We observe that for low ␥'s the cross section ␥ * L is as important as ␥ * T , while for large ␥'s the cross section ␥ * T dominates. For large ␥'s the cross section ␥ * L is only relevant at q t Ӎ0. But this region contributes little to the total cross section, which is given by
since the first term inside the integral suppresses q t Ӎ0 values. This can also be seen by calculating the total cross section for H production as a function of ␥. This is shown in Fig. 5 where the solid curve shows the cross section as given by Eq. ͑4.1͒, and the dashed line is the cross section with only the inclusion of ␥ * T . We see that for ␥ of the order of 8, or larger, the cross section is dominated by the transverse virtual photon component. Moreover we also observe that the cross section for large ␥'s disagree with the equivalent photon approximation ͑EPA͒ used in Ref. ͓2͔ to calculate the cross section for the production of H . It is thus convenient to study under what circumstances the equivalent photon approximation is reliable.
It might appear strange that the longitudinal part of the cross section is relevant until such large values of ␥. It is thus reasonable to check this result with a more schematic calculation. This can be achieved by using plane waves for the electron and hydrogenic waves for the positron, without the correction terms to order Z␣. In this case, we get
͑4.2͒ which yields the cross section FIG. 3 . Production cross sections by longitudinal and transverse virtual photons ␥*T , ␥*L , respectively. The cross sections are calculated for ϭ2 and ␥ϭ3. Fig. 3 , but for ␥ϭ10 and ϭ2.
FIG. 4. Same as in

FIG. 5.
H production in a collision of an antiproton with a proton target, as a function of ␥. The solid curve shows the cross section as given by Eq. ͑4.1͒ and the dashed line is the cross section with only the inclusion of ␥*T . The dashed line is the result of the approximation given by Eq. ͑5.3͒.
where the interference term is exactly zero, and
͑4.4͒
The integral over ⍀ in the expressions above can be done analytically yielding
͑4.5͒
Using this result, the integral over q t 2 in Eq. ͑4.3͒ can also be performed analytically but resulting in too long expressions to be transcribed here. In Fig. 6 we plot 1
) obtained in this approximation, for ϭ1, 2, and 3, respectively, and as a function of ␥. We observe indeed that even for relatively large values of ␥ ͑e.g., ␥ϳ5) the longitudinal part of the cross section is still substantially relevant for the calculation of the total cross section.
V. THE EQUIVALENT PHOTON APPROXIMATION
The equivalent photon approximation is a well known method to obtain cross sections for virtual photon processes in QED. It is described in several textbooks ͑see, e.g., Ref.
͓9͔͒. It is valid for large ␥'s, in which case the cross section is dominated by transverse photons, as with the production cross section of H . In Fig. 7 we plot the virtual photon cross section ␥ * T (Q,) for ϭ1,5, and 10, for ␥ϭ100, and as a function of q t . In this logarithmic plot it is evident that the function ␥ * T (Q,) is approximately constant until a cutoff value q t max at which it drops rapidly to zero. On the other hand, the function
͑5.1͒
which we call by ''equivalent photon number,'' is strongly peaked at q t Ӎ/␥v, which is very small for ␥ӷ1. Thus it is fair to write
where in the last equality we have approximated ␥ * T (q t ϭ0,)Ӎ ␥ (). This approximation is indeed valid for ␥ ӷ1, as we can see from Fig. 8 , where we plot the ratio between these two quantities for ϭ1, 5, and 10, and as a function of ␥. For ␥ bigger than 10 the approximation is quite good, and it is even better for the lower values of . Equation ͑5.2͒ is known as the ''equivalent photon approximation.'' The problem with the approximation is that the integral in Eq. ͑5.2͒ diverges logarithmically. The approximation is only valid if we include a cutoff parameter q t max , determined by the value of q t at which ␥ * T (Q,) drops to zero. A hint to obtain this parameter is to look at Fig. 7 . We see that the transverse virtual photon cross section drops to FIG. 6 . H production in a collision of an antiproton with a proton target calculated using a plane wave function for the electron and a hydrogenic wave function for H . The ratio
is shown as a function of ␥ and for ϭ1, 2, and 3, respectively. Equations ͑4.3͒-͑4.5͒ were used in the calculation.
FIG. 7. Virtual photon cross section ␥*T (Q,) for ϭ1, 5, and 10, for ␥ϭ100, and as a function of q t . zero at q t Ӎ. Another hint comes from Fig. 9 , where we plot the energy spectrum of the electron d/d for ␥ ϭ3, 10, and 10, respectively, obtained from a numerical integration of Eq. ͑4.1͒. We observe that the energy spectrum peaks at Ӎ2Ϫ3, irrespective of the value of ␥. We thus conclude that an appropriate value of the cutoff parameter is q t max ϭ2. Inserting this value in Eq. ͑5.2͒ we get
͑5.3͒
In a later paper ͓14͔ the cutoff (q t max ) 2 ϭ4Ϫy 2 , with y ϭ/␥v was used, which can be considered as an improvement over the one used here for low values of ␥. In this case the bracketing in Eq. ͑5.3͒ is changed into ln(4/y 2 )Ϫ(1 Ϫy 2 /4).
The dotted curve shown in Fig. 5 is the integral of Eq. ͑5.3͒ over . We see that this approximation is very reasonable, for large ␥. It is only for the very extremely large ␥'s that we obtain ϭ(2.86 pb) Z T 2 ln ␥, where the number inside parenthesis comes from (2␣/)͐ 2 ϱ d ␥ ()/ ϭ2.86 pb. Only at ␥ϳ10 3 and larger does the approximation presented in Ref. ͓2͔ become close ͑in the range of 10%͒ to the result obtained with the equation above.
Reference ͓1͔ contains the only published data on antihydrogen production. Unfortunately, this is not a high statistics experiment. In this paper, 11 (Ϯ1) events were found with an estimated integrated luminosity of 5ϫ10 33 cm Ϫ2 (Ϯ50%). One can translate this into a cross section of 6 Ϯ2Ϯ3 nb, with the estimates for statistical and systematical errors, respectively. Our theoretical cross section is ϭ(54) 2 ϫ0.25 pbϳ0.7 nb, leading only to an agreement with the experiment for the very lower limit experimental value.
VI. CONCLUSIONS
We have calculated the cross sections for the production of antihydrogen in collisions of antiprotons with heavy nuclear targets The cross section is well described either by a semiclassical method or by the plane-wave Born approximation. In fact, both approaches yield the same result for relativistic antiprotons. The cross section can be separated into longitudinal and transverse components, corresponding to the velocity of the incident particle. For high energies, ␥ ӷ1, this corresponds to the usual meaning longitudinal and transverse components of the photon. A very transparent and simple formulation is obtained using the lowest order corrections to the positron and electron wave functions. At ultrarelativistic antiproton energies, the contribution of the longitudinal virtual photons to the total cross section vanishes. The remaining terms of the cross section can be factorized in terms of a virtual photon spectra and the cross section induced by real photons. However, the factorization depends on a cutoff parameter, which is not well defined. This leads to differences up to a factor of 2 between our results and those based on the equivalent photon approximation. Production of antiatoms with the electron at low energies, typically Ӎ2, is favored. The angular distribution of the electrons is forward peaked within a angular interval ⌬Ӎ1/.
The equivalent photon approximation is only of help as a qualitative guidance for low values of ␥(␥ smaller than about 10͒. This is the case for the CERN/LEAR experiment (pϭ1.94 GeV/c), to a lesser extent for the Fermilab experiment ͓8͔ where the beam momentum can vary from 3.45 to 8.8 GeV/c. The formulation presented here allows for a better quantitative calculation of the production of antiatoms at these energies. The discrepancy to earlier calculations ͓13͔ for small values of ␥ is at present not understood.
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APPENDIX A: POSITRON WAVE FUNCTION
Here we deduce a first order (Z␣) correction of the positron wave function, important in the calculation of the H production cross section. To be general, we consider the production of a bound positron in a relativistic antinucleus, with charge ϪZ, incident on a target nucleus with charge Z T . Much of our calculation is based on arguments presented in Ref.
͓9͔ with connection to the photoelectric effect.
The Dirac equation for a positron in the field of the antinucleus is ⌿ϭ͓␣ ជ -͑pϩeA͒Ϫ␤mϪe͔⌿. ͑A1͒
For Aϭ0,
where UϭϪeϭϪZe 2 /r is the Coulomb field. The positron will be most likely be produced at the s state of the antinucleus. To lowest order the wave function is given by the nonrelativistic hydrogenic wave function
where a 0 ϭ1/(Ze 2 m). To first order, a corrected wave function ͑to order Ze 2 ) is given by
where v denotes the positron spinor. Applying the operator ϪUϪm␤ϩi␣ ជ -ٌ ជ to Eq. ͑A2͒ we obtain
Substituting Eq. ͑A4͒ into Eq. ͑A5͒ and expanding, 
͑A9͒
The relevant distances for the nonrelativistic wave function are rϳ1/(mZe 2 ). The correction term should be good within these distances. But, for the ground state ͑or any s state͒ it can be used for any value of r, since the derivative of the exponential function ͑A3͒ is always proportional to Ze 2 . Because of that, we can use the corrected wave function in our calculation of H production where, as we see in Sec. II, the small values of r are essential in the computation of the matrix elements.
APPENDIX B: ELECTRON WAVE FUNCTION
For the electron wave function we use a plane wave and a correction term to account for the distortion due to the antinucleus charge. As in Appendix A, the correction term is considered to be proportional to Ze 2 . The wave function is then given by ⌿ϭue ip-r ϩ⌿Ј. ͑B1͒
In Sec. II we show that only the Fourier transform of ⌿Ј will enter the calculation. This Fourier transform can be deduced directly from the Dirac equation for the electron in the presence of a Coulomb field of an antinucleus: In Sec. II we use this equation to calculate the matrix element for the production of antiatom.
